McCART is a numerical procedure to solve the radiative transfer equation for light propagation through the atmosphere especially developed to study the effect of the atmosphere on the response of hyperspectral sensors for remote sensing of the earth's surface. McCART is based on a single Monte Carlo simulation run for a reference layered plane nonabsorbing atmosphere and a plane ground with uniform reflectance. The spectral response of the sensor for a given distribution of ground reflectance and for a specific profile of scattering and absorption properties of the atmosphere is obtained in a short time from the results of the Monte Carlo simulation, making use of scaling relationships and of symmetry properties. The response includes the effects of adjacent pixels. The results can be used to establish the limits of applicability of approximate algorithms for the processing and analysis of hyperspectral images. The algorithm can be also used to develop procedures of atmospheric compensation.
INTRODUCTION
Measurements of remote sensing of the earth' s surface at visible and near infrared wavelengths are greatly influenced by the turbidity of the atmosphere. Scattering and absorption by aerosol and atmospheric gases highly complicate light propagation comparing with the idealized case of a perfectly transparent atmosphere. As a consequence the relationship between the measured signal and the physical parameters of interest becomes very complicated and the relevant information can be retrieved only if a suitable inversion procedure is available. The first step for developing a reliable inversion procedure is the availability of an efficient solver of the forward problem, i.e., an algorithm that, given the characteristics of the light source and of the receiver, the optical properties of the ground and of the atmosphere, enables us to determine the response of the receiver. Light propagation through turbid media is described by the radiative transfer equation (RTE) [1, 2] . Exact analytical solutions of the RTE are not available for complex geometry like the atmosphere, and approximate solutions are commonly used for dealing with problems of remote sensing of the earth's surface. Two radiative transfer codes are usually used to find approximate solutions of the RTE: Modtran 4 
and 6S. MODTRAN (Moderate Resolution
Transmittance Code) is a radiative transfer computer code capable of predicting atmospheric transmittance and radiance for frequencies from 0 to 50,000 cm' at moderate spectral resolution (primarily 2 cm'; UV at 20 ciii'). MODTRAN [3, 4] propagates the radiation through the atmosphere adopting capabilities like spherical refractive geometry, solar and lunar source functions, scattering (Rayleigh, Mie, single and multiple), and default profiles (gases, aerosols, clouds, fogs, and rain). 6S [5] is a radiative transfer code, which differs from MODTRAN since it solves RTE by calculating atmospheric radiance in an iterative way using successive orders of scattering. The estimated accuracy of these programs is about 5%, based primarily on the source data and their calibration. Ground surface directional properties may be used either by MODTRAN and 6S. They have also the capability to partially take into account the so called adjacency effect, that is to say both algorithms evaluate the scattered radiance arising from the contrast between the reflectance of the image pixel and its surrounding large area average reflectance. Trapping effects due to multiple scattered photons arising from pixels placed far from image and with different surface reflectance, are not evaluated. Both MODTRAN and 6S are used by several model-based methods (ATREM [6, 7] , FLAASH [8] , ATCOR [9] ) to generate look-up-tables for atmospheric effects correction.
The McCART procedure has been thought in order to evaluate the effect of the atmosphere on multispectral and hyperspectra! images ofthe earth's surface taken from aircraft or spacecraft. The model, described in Sect. 2, is based on a numerical Monte Carlo (MC) simulation carried out for a non-absorbing reference atmosphere with layered planeparallel structure and for a non-absorbing plane earth's surface. Taking advantage of the translational symmetry of the problem and of the weak dependence of the at-sensor radiance on the line of sight, a large number of useful trajectories is drawn and stored in a reasonable time even with a personal computer. From the stored trajectories the effect of a specific profile of absorption and scattering properties of the atmosphere on the response is evaluated in a short time making use of scaling relationships. The response is divided into six contributions according to the number of reflections at the earth's surface and of scattering events in the atmosphere. Finally, the response for a specific distribution of spectral reflectance of the ground is obtained properly weighting each contribution according to the reflectance of each pixel. Therefore, the response includes the effects of adjacent pixels. Since McCART does not include thermal emission it applies to UV through NIR wavelengths. The range of applicability is discussed in Sect. 3 . Examples of results predicted by the procedure are also reported. Conclusions are in Sect. 4.
DESCRIPTION OF THE ALGORITHM
2.1
General remarks
The goal of the McCART procedure is to simulate the response of a pixel of a spectral image collected by an airborne system observing the earth's surface illuminated by the sun. More specifically we are interested in evaluating the response ofthe pixel R(2,i) = R (1) from which the at-sensor radiance L(2, r , ) can be obtained. In Eq. (1) 2 denotes the wavelength, K an instrumental constant, F, , and 0p the position, the line of sight and the acceptance solid angle of the pixel, and R the normal to the surface of the optical receiver (Fig. la) . For a perfectly transparent atmosphere and a plane earth's surface the at-sensor radiance would be given by L(2,F,) = S() SS E P(,1)PE(Ss,Sp)
sP .
where Sot) is the spectral solar irradiance, the direction of the solar incident light, 1E the normal to the earth's surface, p(%, rE) the spectral reflectance of the observed pixel at FE and PE(s', ) is the distribution function, normalized to one over the solid angle 2it, describing the angular distribution of the light reflected by the ground illuminated by light in direction ' . In this idealized condition L(2, F, s1) only depends on the reflectance of the observed pixel and on the geometry of observation. As shown in Fig. lb the problem is highly complicated by the turbidity of the atmosphere since, due to manifold scattering events in the atmosphere and/or to ground reflections, Lot, F , becomes a very complicated function both of the optical properties of the atmosphere and of the distribution of reflectance on a large surface around the observed pixel. The procedure we have developed to evaluate the response of the pixel is based on a MC simulation. We point out that the elementary MC procedure, i.e., a numerical simulation of the trajectories of the photons that illuminate the top of the atmosphere, that propagate through the atmosphere as far as they are absorbed (by the ground or by the atmosphere) or they escape from the atmosphere, or they are eventually received, would be inapplicable due to the prohibitively long computation time. In fact it would be necessary an extremely large number ofphotons to simulate the illumination of the vast surface around the pixel of interest from which, due to multiple scattering, photons can reach the receiver. Furthermore, also due to the small solid angle subtended by the pixel, the probability that the photon is received is extremely small, and, since the optical properties both of the atmosphere and of the ground depend on the wavelength, it would be necessary to repeat the simulation for each value of 2. To speed up the convergence of the MC procedure we need to introduce some simplifications in order to make possible the use of symmetry properties and of scaling relationships. We have therefore assumed a plane earth's surface and a plane layered atmosphere uniformly illuminated by a plane wave. The McCART procedure can be summarized as: 1) An elementary MC simulation is run only once for a non-absorbing reference atmosphere and a ground with constant reflectance p =1 . With these assumptions the response only depends on the height at which the sensor is placed, and translational properties can be used to reduce the computation time. All the trajectories of received photons (typically 1 O) are stored on a file together with the number of launched photons NL.
2) Making use of scaling relationships, from the stored information, the effect of the atmosphere with a specific profile of scattering and absorption on the response of the pixel is first evaluated for a ground with uniform reflectance p 1.
3) Received photons are divided into six contributions according to the number of scattering events in the atmosphere and of ground reflections. Moreover, photons are also classified according to the distance of the point of ground reflection from the center of the observed pixel to evaluate radial distribution functions. 4) With the information from points 2 and 3 the at-sensor radiance for a specific distribution of reflectance p(2, E) can easily be obtained. Steps 2, 3, and 4 take short computation time and are repeated for each wavelength of interest. The longer computation time is taken by the MC simulation. In fact the acceptance solid angle of the pixel is very small (especially for spacecraft systems) so that the probability of finding a useful trajectory is extremely small and a very large number of trajectories should be simulated to obtain statistically reliable results. However, since the radiance L(A, , s1) is usually a slowly varying function of , the MC simulation for the reference atmosphere can be carried out for a large acceptance solid angle .Q ' , and the response for the solid angle Q can be obtained scaling the results for Q'.
The elementary MC simulation
The elementary MC simulation is carried out for a non-absorbing plane-parallel layered atmosphere and for a plane ground with uniform reflectance p 1 . The k-th layer is characterized by the scattering coefficient Psk and by the scalar scattering function Pk (9) . To speed up the simulation, instead of directly simulating the atmosphere uniformly illuminated by the sun (infinitely extended source) and a very small receiver (point like detector), for which the probability of receiving a photon is prohibitively small, we first simulate the complementary problem, i.e., a point like source and an infinitely extended receiver. In this case the probability of receiving a photon is much higher since all photons intersecting the plane z = Zp at which the receiver is placed, within the acceptance solid angle of the pixel, are received. The modeled geometry is shown in 2) If the trajectory has crossed the plane z = Zp at which the sensor is placed, the angle between the direction of the photon and the line of sight of the pixel is calculated. If the angle is within the acceptance solid angle of the pixel the intersection POUr ( X0 Yotit ' Zp ) with the plane z Zp 5 calculated, the trajectory P0 P ,. . . Pout after a translation, is stored, and the counter of received photons is increased. Subsequently the trajectory goes on from the point 1fi till the photon leaves the atmosphere.
3) If the trajectory has crossed the top of the atmosphere (plane z = ZTOA ) the photon is given up and a new photon is launched.
The simulated trajectories refer to the pencil light beam and to the infinitely extended receiver. Due to the symmetry of the problem these trajectories can also be used to solve the problem of an infinitely extended source and of a point like detector. In fact, since the optical properties of the atmosphere and of the ground are assumed independent of the x , y coordinates, two parallel trajectories have the same probability. Thus, for each simulated received trajectory P0 , P , . . . , I:j( with P0 (O,O, ZTOA ) and =( x0, Zp ), there is a parallel trajectory with the same probability,
' J:j, obtained with the translation x' = x -x0 and y'= y -Yotit for which i9 (-x0 -Yotit ZTOA ) and
With this translation applied to each received trajectory we obtain the conesponding received trajectories for the infinitely extended source and the point-like receiver.
2.3
Scaling relationships for Pa and
To evaluate the effect of the atmosphere on the response of the pixel when the profile of scattering and absorption for a specific wavelength 2 is considered, we first calculate the probability P(2) that the photon is received for the ground with p =1 . For the non-absorbing reference atmosphere the probability is simply given by Pej NRINL with a relative error Er i/J where NR 5 the number of received photons and NL the number of launched photons. For an atmosphere with scattering and absorption coefficients Psk ('i) and Pak ('i) the probability changes, since the probability of each trajectory changes. To evaluate the new probability we used two scaling relationships previously used to study light propagation through the atmosphere [10] and through biological tissues [1 1]. To each trajectory a weight w1(2) is given, equal to the ratio between the probability of following the trajectory after and before changing the optical properties of the atmosphere, and P(A) is obtained as
1=1 I
The weight can be expressed as w1 = WajWsj ' with Waj and w51 weights due to changes of absorption and scattering respectively. For absorption, according to the Lambert-Beer law, the weight of thej-th trajectory results
k=1 where i-zak is the absorption coefficient of the k-th layer, 'jk is the total length followed by thej-th photon into the k-th layer, and KL is the number of layers into which the atmosphere has been divided. The exact knowledge of the pathlength followed by each received photon allows us to include the effect of absorption with high accuracy.
The weight w1 is obtained remembering that in a non-absorbing medium the probability for a photon of undergoing a scattering event within a volume element subtended by dl at distance 1 from the previous one, and being scattered with an angle 0 within the solid angle dco , is given by p dlexp(-ul)p(O)dw . Therefore, if the scattering coefficient of the layers is changed from Psk to Psk ' ' without changing the scattering functions, the weight ofthe photon is given by K1 \jk
where jk the number of scattering events undergone by the photon inside the k-th layer.
Equations (4) and (5) are exact scaling relationships provided that the scattering function remains constant when the scattering coefficient is changed. However, the finite number of simulated trajectories limits their range of applicability. The range of applicability will be discussed in Sect. 3
Contributions to the response and distribution functions
When a specific distribution of ground reflectance is considered, the response of the pixel can be obtained using average information instead of the information carried by each trajectory separately. For this purpose the contribution to the response calculated for p =1 should be divided according to the type of trajectory followed by the photon, and the radial distribution functions describing the probability that received photons have been reflected at distance d from the center of the observed pixel should be evaluated. When the trajectories are processed to apply the scaling relationships their weights w1 are accumulated separately according to the type of trajectory. As shown in Fig. 2 we have distinguished six different types of trajectories and for each type we have evaluated the fractional contributions C, (n 1 ,6) to the probability P(2) . C1 is the fraction of photons received without ground reflections. Contributions C2 -C5 refer to photons reflected only once: C2 is the fraction of photons received without scattering events in the atmosphere; C3 is the fraction of scattered photons that illuminate the observed pixel and are received without scattering events between the ground and the receiver; C4 is the fraction of received photons that, after the ground reflection, have been scattered only once, and C5 is the fraction of photons that have undergone multiple scattering after the ground reflection. Contribution C6 is the fraction of photons received after multiple ground reflections. This contribution is further divided according to the number of reflections: C6m is the fraction of photons reflected m times. We point out that each photon is classified in one and only one contribution.
C2\" 
At-sensor radiance
If the ground is divided into pixels and p is the reflectance ofthe j -pixel, the probability I that photons are received when the -pixel is observed can be obtained as
where d1 is the distance between the (j and the i' j' -pixels, A is the area of the pixel, and (p) is the average reflectance over an area around the pixel from which photons with multiple reflections are received. The area is estimated from the distribution function D6(d) . We point out that P , C , D(d) , p , (p) , and thus I , are functions of 2.
Once the probability P has been evaluated for the wavelengths of interest, the at-sensor radiance for the / -pixel can be obtained as
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TESTS ON THE SCALING RELATIONSHIPS AND EXAMPLES OF RESULTS
Numerical simulations have been canied out using the scattering function typical of a clear atmosphere [12] for the lower layers (z < 12 Km), of stratospheric aerosols for 12< z <35 Km [13, 14] , and the Rayleigh scattering function for the higher layers (z > 35 Km). The scattering functions, shown in Fig. 3a , have been obtained from Mie theory starting from the size distribution of the aerosols. The atmosphere was divided into 50 layers. The MC simulations have been repeated for eleven profiles of scattering coefficient for which the optical thickness z5 due to scattering ranges from 0 to 3. Some of the profiles of scattering coefficient are shown in Fig. 3b . For the absorption coefficient we used profiles typical of a mid latitude summer atmosphere [3, 4] . Some of the profiles are shown in Fig. 3c . To investigate the range of applicability of the scaling relationship for scattering we considered a non-absorbing atmosphere and a sensor at z =1.5 Km looking downwards along the z -axis with angular field of view semiaperture a = 10 mrad. The sun was at a zenith angle of 30 degrees. Figure 4a shows the comparison between the results obtained for the probability P from the eleven direct MC simulations (symbols) and the results obtained from the scaling relationship (Eq. (5)) starting from the MC results for z-s =1 5 (continuous lines). For the scaled results the error bars are also reported (for the direct simulations the error was smaller than the symbols). Discrepancies between the scaled results and the results of direct simulations are larger than one standard deviation only for r >2.5. Figure 4b reports the comparison for the corresponding fractional contributions cn ( n =1,6). Also for C there is an excellent agreement for r <2.5.
Examples of results obtained using the scaling relationship for the absorption coefficient are reported in panels (c) and (d) of Fig. 4 . The results refer to the scattering profile shown in Fig. 3 for z =0.9. The results of Fig. 4d show thatwhen ra increases the contribution of multiple reflections C6 rapidly decreases and especially the contribution of photons received without ground reflections, C1 , rapidly increases: for ra >10 is C1 1, indicating that few received photons are only due to atmospheric backscattering and no useful information on the ground reflectance can be obtained.
To visualize the extension of the region around the observed pixel that influences the measured at-sensor radiance, in As examples of results obtained with the McCART procedure Fig. 6 reports the simulated spectral response of a sensor for measuring the radiance. We considered the same geometry of Fig. 4 : a sensor at z 1 .5 Km looking downwards along the z -axis with angular field of view semiaperture a = 10 mrad and the sun at a zenith angle of 30 degrees. Also the size distributions used for evaluating the scattering functions are the same used for Fig.4 . The spectral transmittance ZTOA we used is shown in Fig. 6a . Contributions due to scattering, (2) = ex[ Jp5()dz , Figure 6b reports the probability () (Eq. (7)) for a ground with constant reflectance p) =0.5 and for a grassland, with the spectrum of reflectance shown in Fig. 6c [15] . Figure 6d reports the corresponding at-sensor radiance obtained with the solar spectrum [16] shown in Fig. 6c .
DISCUSSION AND CONCLUSIONS
McCART is a numerical procedure especially devoted to evaluate the effect of the atmosphere on hyperspectral images ofthe earth's surface and more in general on measurements ofsolar radiation. The procedure is based on MC simulations and on scaling relationships. For MC simulations the atmosphere, illuminated by the sun, is modelled as a non-absorbing plane-parallel layered medium and the earth's surface as a plane with uniform reflectance. The symmetry ofthe problem, and the weak angular dependence of the radiance enable us to speed up the MC simulations: Simulations can be carried out for an infinitely extended receiver with a large angular field of view. In fact MC simulations showed that for a smaller than about 1 00 mrad the radiance is almost isotropic and the contributions C, are almost independent of a. Also the distribution functions D5 and D6 are almost independent of a . On the contrary, D4 is strongly affected: It is nearly constant for d < Zp tana , i.e. over the area ofthe observed pixel, and has a high peak for a -O. This dependence should be taken into account when data simulated for a certain value of the angular field of view are used to predict the results for different values of a . Fortunately, the distribution function D4 can be easily calculated with a numerical integration. It is therefore possible to simulate the response of a sensor with a very small field of view starting from the MC obtained for an angular field of view as large as a = 1 00 mrad.
Thanks to scaling relationships from a single MC simulation it is possible, in a short time, to reconstruct the spectral response on a wide range of wavelengths for a specific profile of optical properties of the atmosphere, and for a specific distribution of ground reflectance. To the best of our knowledge it is the first time that a numerical procedure based on MC simulations, running on a common personal computer, has been used to simulate the response of a sensor for hyperspectral imaging ofthe earth's surface.
The main advantage of the McCART procedure compared to approximated methods commonly used to evaluate the effect of light propagation through the atmosphere is the accuracy: McCART provides a solution of the radiative transfer equation that only suffers for the statistical fluctuations intrinsic to MC simulations. The simulated response includes the effects of adjacent pixels. Furthermore, the exact knowledge of the pathlength followed by received photons allows us to include the effect of absorption with high accuracy. Therefore, the results provided by the McCART procedure can be used as a reference to validate and to establish the range of applicability of approximated algorithms. In Sect. 3 we have shown examples of simulated spectral response for a sensor for remote measurements of reflectance of the earth's surface. The procedure can simulate spectral images that can be used to check the reliability of inversion procedures devoted to retrieve the spectral reflectance of the earth's surface. Another advantage of the McCART procedure is the possibility of obtaining detailed information on photon migration. It is possible for example to evaluate separately the contributions due to different types of trajectories, or the extension of the ground that affects the response. McCART can be therefore used as a tool for a deeper investigation of the effects of the atmosphere on measurements of solar radiation.
A limit of the McCART procedure is that the symmetries we have used to speed up the MC simulation are applicable only to a plane geometry. Only two-dimensional tenains can therefore be considered. Moreover, being based on MC simulations the main limit of the McCART procedure is the computation time. However, the use of scaling relationships and of symmetry properties enabled us to drastically reduce the computation time compared to direct simulation MC approaches. Running the McCART code on a common personal computer to evaluate the at-sensor radiance, few minutes are sufficient to run the MC simulation to obtain a sufficiently accurate result (all the results reported in Sets. 3 and 4, referring to a 50-layers atmosphere, have been obtained with l0 useful trajectory). Few seconds are sufficient to process the trajectories to obtain the probability P , the fractional contributions C, , and the distribution functions D (d) . Atpresent, the longer computation time to simulate an image is taken by the summations in Eq. (7), necessary to include the effects of adjacent pixels, which should be evaluated on an extremely large number of pixels. We expect a significant reduction of the computation time developing dedicated software and using parallel processing. This would make possible the use of the McCART procedure also to develop algorithms of atmospheric compensation for an accurate retrieval ofthe spectral reflectance ofthe earth's surface.
McCART does not include thermal emission. It therefore applies to UV through NIR wavelengths.
